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1 .  INTRODUCTION 


Some  time  ago ,  Kolomenskii  and  Lebedev  proposed  a  simple  method  of 
accelerating  charged  particles  to  high  energy  with  an  electromagnetic 
wave  together  with  an  orbit-synchronizing  magnetic  field.1*  The  spatial 
dependence  of  the  external  static  magnetic  guide  field  is  chosen  to 
effectively  steer  the  particles  in  such  a  way  that  the  electric  field  of 
the  wave  performs  positive  work,  on  the  average,  on  the  particles. 
Already  at  the  time  that  this  method  was  proposed,  the  appreciable 
increases  attained  in  the  power  of  microwave  sources  that  might  be  used 
for  such  an  accelerator  were  stressed. 

More  recently,  several  other  methods  have  been  proposed  for  acceler¬ 
ating  electrons  by  using  the  electromagnetic  energy  of  a  radiation  field 
together  with  a  periodic  static  magnetic  guide  field.2”5  Other  ap¬ 
proaches  are  also  of  current  interest,  involving  the  interaction  between 
an  intense  electromagnetic  wave  packet  and  the  electrons  of  an  under- 
dense  plasma.5”9  Also  related  is  the  method  of  radiative  collective 
acceleration  proposed  long  ago  by  Veksler.1  ® 

Although  most  of  these  schemes  have  emphasized  conventional  laser 
sources,  Sprangle  has  recently  considered  a  free  electron  laser  source 
operating  at  submillimeter  frequencies. **  Recent  advances  in  the  devel¬ 
opment  of  high-power  microwave  sources11”31  make  it  not  unreasonable 
that  sources  of  sufficient  intensity  to  drive  an  electron  accelerator 
can  be  developed. 

Within  the  limited  means  of  the  present  work,  a  simple  estimate  is 
here  made  of  the  required  microwave . power  requirements  to  drive  a  rela¬ 
tivistic  electron  accelerator  of  the  type  originally  proposed  by  Kolo¬ 
menskii  and  Lebedev.1  The  analysis  presented  here  follows  theirs 
closely  with  added  mathematical  detail  and  graphical  presentation  of  the 
results. 

In  section  2,  an  estimate  is  made  of  the  required  high-power  micro- 
wave  source  intensity  for  such  an  electron  accelerator  in  the  relativ¬ 
istic  regime,  in  terms  of  the  final  electron  energy  and  the  accelerator 
length.  These  calculations  assume  a  set  of  constraints  on  the  microwave 
frequency,  the  electron  energy,  and  the  perturbed  electron  velocity  that 
facilitate  mathematically  convenient  approximations.  In  section  3,  the 
results  and  the  conclusions  are  summarized.  The  limitations  of  the 
present  analysis  are  to  be  emphasized.  It  is  likely  that  more  detailed 
examination  of  the  problem  including  collective  effects  and  less  limited 
mathematical  constraints  will  generate  an  even  more  optimistic  picture. 


*See  Literature  Cited  section  for  all  references 
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2.  ESTIMATE  OF  MICROWAVE  SOURCE  REQUIREMENTS 

In  the  accelerator  approach  proposed  by  Kolomenskii  and  Lebedev,1  an 
electron  beam  is  considered  to  traverse  the  accelerator  region  axially 
along  the  positive  z-axis  of  a  right-handed  rectangular  cartesian  coor¬ 
dinate  system.  A  microwave  accelerating  wave  linearly  polarized  in  the 
y-direction  also  moves  in  the  positive  z-direction.  The  electromagnetic 
wave  is  of  the  form 

B  =  -xEjh  sin  (tot  -  kz)  ,  (1) 

E  =  yE„,  sin  (bit  -  kz)  (2) 

A  magnetic  guide  field  is  assumed  of  the  form 

Bg  =  xB0 ( y , z )  (3) 

such  that  the  perturbed  particle  trajectories  are  guided  in  such  a  way 
that  the  microwaves  perform,  on  the  average,  positive  work  on  the  par¬ 
ticles,  thereby  accelerating  them.  Collective  effects  are  ignored. 

The  rate  of  work,  e  ,  on  a  beam  electron  is  given  by 

£  =  ec|  •  E  =  ecf?y|E|  ,  (4) 

where  -e,  0,  and  e  are  the  charge,  the  velocity  (in  units  of  the  speed 
of  light),  and  the  energy  of  the  electron.  In  order  that  e  be  on  the 
average  positive,  Kolomenskii  and  Lebedev  assumed  a  magnetic  guide  field 
such  that  the  component  of  particle  velocity  in  the  y-direction  is  in 
phase  with  the  electric  field  of  the  wave,  namely, 

Bx  =  0  '  (5 ) 

By  =  Ba(Y)  sin  ”  kz>  •  (6) 

Here  0^  (y )  is  some  positive  and  slowly  varying  function  of  z,  or  equiv¬ 
alently  a  function  of  the  y  of  the  beam,  where 


Y  -  (l  -  62)“l/2  . 


The  electrons  are  thus  assumed  to  be  confined  to  the  y-z  plane.  To  see 
that  this  results  in  positive  work  on  the  average,  one  first  substitutes 
equations  (2)  and  (6)  into  equation  (4).  Thus 


e  =  ecEg,(3  (-y)  sin2  (wt  -  kz) 


and  taking  the  time  average,  then 
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(9) 


<E>  =  J  ecEm$±(r)  >  0  , 

which  is  positive  since  all  quantities  e,  c,  and  B^  are  positive 

numbers. 

It  is  useful  to  define  the  phase,  4>  #  appearing  in  equations  (1), 
(2),  and  (6),  namely, 

<(>  =  tot  -  kz  •  (10) 

Substituting 

z  =  /  z  dt  =  /  Bzc  dt  (11) 

into  equation  (10),  then 

(|>=tot-kc/gzdt.  (12) 

Equivalently,  equation  (12)  can  be  rewritten  as 

$  =  /  (to  -  kc$z)  dt  .  (13) 

Kolomenskii  and  Lebedev  assumed  that  the  transverse  velocity  of  the 
beam  electrons  is  much  less  than  the  longitudinal;  hence  in  equation 
(7), 


ei  «  bz  . 

It  then  follows  by  using  equations  (5)  and  (14)  that 


(14) 


g  =  (g2  +  g2  +  02)1/2  „  0z 

and  therefore,  for  an  electron  trajectory,  one  has  that 


(15) 


dz  _  dz  dz 
vz  ~  Bzc  ““  Be 


(16) 


Also,  for  the  microwave  field,  the  free  space  dispersion  relation 
obtains;  hence 


c 

Substituting  equations  (16)  and  (17)  into  equation  (13),  then  to  first 
order  in  B , /B  z , 

<t >  -  k  J  - - —  dz  . 

Substituting  equations  (10)  and  (18)  into  equation  (6),  then 


(18) 


0V  =  3 .  (Y )  sin  Ik 


\k  J  ~  dzJ  * 


Next  by  noting  that  the  energy  of  an  electron  of  rest  mass,  m 
given  by 

e  =  ymc2 

and  by  using  equation  (10),  equation  (8)  becomes 


6  sin2 


Also  using  equation  (10),  one  has 


•  *L  =  3L  {a  .  k*> 

T  dt  d<t>  dt  cty  K 

or,  using  equation  (17),  one  has  then 

;  =  ^  kc( 1  _  Bz)  . 

Substituting  equation  (23)  into  equation  (21)  then  gives 

d£  _  e*tn  Pj  sin2  ♦ 
d(t>  mc2k  ~  8z 

Furthermore,  by  using  equations  (5),  (7),  and  (15),  then 
e2=(e2  -  02)1/2  .(,  -y-2  -  p2)l/2 

or,  by  using  equations  (6)  and  (10),  then 

e2  =(1  -Y-2  -Bf  sin2  t)W2  . 

Substituting  equation  (26)  into  equation  (24)  then  gives 

d£  =  _ Sln2  ♦ _ 

1  -  (  1  -  y-2  -  02  sin2  4»)1/2  ' 

where  one  defines 


9  * 

mc4k 

One  also  has,  using  equation  (10),  that 


*  h  tot  -  k*>  -  k(=  £  -  -  k(j£  -  ’)  • 


Then  by  substituting  equation  (26)  into  equation  (29), 

a  ,  *[(,  -t-2  .  S2  sln2  *)-l /2  .  ,] 


or,  by  taking  the  inverse,  then 


3£,  k-l[(,  -y-2  .  B2  s1„2  *)-l/2  .  ,]-l 
From  equations  (28)  and  (30),  it  follows  that 

and  the  phase  is  seen  to  be  rapidly  varying,  provided  that 


G  «  1 


Since 


where  \  is  the  wavelength  of  the  microwave  field,  then  using  equations 
(28)  and  (34),  one  sees  that  equation  (33)  is  equivalent  to 

EmX  «  ,  (35) 

which  is  the  case  for  a  sufficiently  short  wavelength  and  not  too  strong 
a  microwave  field. 


Also  by  substituting  equation  (20)  into  equation  (27),  then 
T  mc2^  sin2  4> 

*  =  G|_1  -  (1  -  y“2  -  sin2  (O)l/2  ' 


and  it  follows  that  when  equations  (33)  and  (35)  are  satisfied,  then  the 
particle  energy  is  a  slowly  varying  function  of  phase.  In  other  words, 
the  particle  energy  changes  very  little  over  distances  of  the  order  of 
one  wavelength.  Kolomenskii  and  Lebedev  assumed  equation  (33)  or  equiv¬ 
alent  equation  (35)  to  be  satisfied  and  therefore  were  able  to  find 
approximate  solutions  to  equations  (27)  and  (30)  by  averaging  over  the 
rapidly  varying  phase. 

Furthermore,  they  addressed  the  case  of  a  very  relativistic  beam, 
namely,  one  for  which 

Y"1  <<  1  .  (37) 

Also  from  equation  (14),  it  follows  that  the  transverse  velocity  is 
nonrelativistic,  namely, 

<<  1  •  (38) 


Next  by  performing  a  Taylor  series  expansion  in  £  and  y  of  the 
radical  in  equation  (31),  then  to  lowest  order  A 


cty  k(  1  +  y282  sin2  <(>) 


If  the  wavelength  of  the  microwave  source  is  sufficiently  small  so  that 
equation  (35)  is  satisfied,  then  one  takes  the  average  over  the  phase  in 
equation  (39),  obtaining 


dz  _  2r 


(1+Y2g2)-l/2  . 


Since  the  efficiency  of  the  beam  increases  with  increasing  g^  (within 
limits,  of  course),  one  assumes  that 

Y262  »  1  ,  (41) 

in  which  case  equation  (40)  becomes  approximately 

<|j>  =  rf1  .  (42) 

d<J>  kg^ 

Also  by  expanding  equation  (27)  in  y_1  and  g^ ,  then 

dy  2Gg  y2  sin2  <f> 

—  = - - =-  •  (43) 

d<t>  1  +  g|y2  sin2  $ 

Next  by  taking  the  average  of  equation  (43)  over  the  phase,  then 


'd <(>  1  +  32y2  +  (  1  +  g2Y2)1/2 


Fbrthermorei  using  equation  (41)  in  equation  (44),  one  has  approximately 


,%  .as 

a*  • 


To  proceed,  one  has  that 


<£>  -  <%  £>  .  (46 

dp  dy  dp 

Kolomenskii  and  Lebedev  assumed  that 

<£  £>  -  <%><%>  (47 

dy  <i|>  dy  d$ 

to  the  needed  order.  By  substituting  equation  (47)  into  equation  (46) 
it  then  follows  that 

<4t>  =  <4r>  <^>  •  (48 


<i7>  “  <3^  {A 

Next  by  substituting  equations  (42)  and  (45)  into  equation  (48),  then 


(49) 


♦ 


s 

! 


SI 

L. 

L‘ 

C 


A 


■ 


The  length,  Z,  of  the  accelerator  region  is  approximately  given  by 

zf 


Z  = 


JZi  J  Y  i 


f  dz 

*  <d^ 


(50) 


where  Yf  and  Yf  are  the  initial  and  final  y's  of  the  beam.  Substituting 
equation  (49)  into  equation  (50)  then  gives 

GkZ  =  /  Yf  dy  Y  (51 ) 

Jyi 

or 


(52) 


Next,  combining  equations  (28)  and  (52),  one  obtains 


%-^tr 


2  _  y2) 

f  1  iJ 


(53) 


By  writing  Yf  and  Yf  in  terms  of  the  initial  and  final  electron  total 
energies,  and  £f,  then 


and 


(54) 


Yi  = 


mc^ 


By  substituting  equations  (54)  and  (55)  into  equation  (53),  then 


f  -  1 

Em  2eZ 


me 


(55) 


(56) 


Finally  by  assuming  that  the  final  electron  energy  is  much  greater  than 
the  initial,  namely. 


ef  »  e± 


(57) 


then  equation  (56)  becomes 


1 

2emc j2 


z 


(58) 


Equation  (58)  expresses  the  amplitude,  5^,  of  the  microwave  field  in 
terms  of  the  energy,  e^,  to  which  the  electrons  are  accelerated  and  the 
length,  Z,  of  the  accelerator.  It  is  well  at  this  point  to  summarize 
the  domain  of  validity  of  this  equation.  From  equations  (14),  (41),  and 
(35)  follows  the  following  set  of  conditions  in  addition  to  equation 
(57)  ; 
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(59) 


y_1  «  e±  «  i  , 


X  «  2tt 


me2 

eEm  * 


(60) 


Equation  (59)  is  the  condition  that  the  beam  oe  relativistic  with  sig¬ 
nificant  although  moderate  transverse  velocity.  Equation  (60)  is  the 
condition  that  the  high-power  microwave  source  be  limited  to  lower 
wavelengths.  It  must  be  stressed,  however,  that  these  constraints  on 
transverse  particle  velocity  and  microwave  wavelength  are  ones  of  mathe¬ 
matical  convenience  only  in  that  they  have  merely  facilitated  the  ap¬ 
proximations.  The  regimes  of  higher  or  longer  wavelength  or  both  are 
beyond  the  means  of  the  present  limited  effort;  however,  they  are  cer¬ 
tainly  of  physical  interest.  Addressing  the  mathematical  and  physical 
constraints  on  the  magnetic  guide  field  also  is  beyond  the  scope  of  this 
work. 


■ 


The  intensity  of  the  microwave  radiation  field  is  given  by  the 
Poynting  flux  for  a  plane  wave,  namely, 

S  =  e0<E2  >c  .  (61 ) 


By  substituting  equation  (2)  into  equation  (61)  and  averaging  over 
phase,  then 


S 


1 

2 


m 


(62) 


Finally  substituting  equation  (58)  into  equation  (62), 
the  required  microwave  source  intensity 


S  = 


Co 

Se^c3  Z2 


one  obtains  for 


(63) 


If  the  final  electron  energy  is  expressed  in  mega-electron  volts  and  the 
accelerator  length  is  in  meters,  then  equation  (63)  may  be  written  as 
follows  for  electrons; 


S  =  1 .26  x 


(64) 


The  intensity,  S,  is  here  expressed  in  gigawatts  per  square  centimeter. 


In  figures  1  and  2,  equation  (64)  has  been  used  to  obtain  plots  of 
the  required  microwave  source  intensity  in  gigawatts  per  square  centi¬ 
meter  as  a  function  of  the  final  electron  energy  in  mega-electron  volts 
for  various  values  of  the  accelerator  length  in  meters.  Figure  1  ad¬ 
dresses  the  high  energy  range  from  100  to  500  MeV.  Fbr  the  corre¬ 
sponding  range  of  intensities,  the  wavelength  is  restricted  to  near 
millimeter  or  less  in  accordance  with 


L2 


x«!™SL(^),/2  ,  ,65) 

which  follows  from  equations  (60)  and  (62).  Of  course,  the  intensity 
requirements  of  figure  1  ranging  from  1  GW/cm^  to  1  TW/cm?  in  near 
millimeter  exceed  present  day  capabilities.  However,  it  is  possible 
that  extensive  research  efforts  will  lead  to  new  high-power  microwave 
sources  at  such  levels  of  intensity.  In  figure  2  appears  a  similar  plot 
for  the  1-  to  100-MeV  range  of  final  electron  energy.  In  this  plot,  the 
approximations  made  limit  the  wavelength  to  near  centimeter  or  less 
according  to  equation  (65).  The  possibility  of  several  consecutive 
stages  of  acceleration  should  be  explored. 


Figure  1.  Required  microwave  source  intensity  as  function  of  final 
electron  energy  and  accelerator  length. 
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3.  CONCLUSIONS 


Although  impressive  gigawatt  level  microwave  sources  have  recently 
been  developed,  the  microwave  intensity  required  for  the  acceleration 
method  addressed  here  in  the  100-  to  500-MeV  range  of  final  electron 
energies  exceeds  the  capabilities  of  existing  microwave  technology. 
Figure  1  tells  us  that  a  near-millimeter  microwave  source  of  intensity 
30  GW/cm?  is  required  to  accelerate  electrons  to  500  MeV  for  an  acceler¬ 
ator  length  of  500  m.  Et>r  a  100-m  accelerator  length,  the  required 
intensity  would  be  800  GW/cm? . 

It  is  possible  that  more  sophisticated  accelerator  design  together 
with  more  elaborate  physical  theory  may  improve  these  estimates  to  some 
extent  and  even  nake  them  more  favorable.  In  particular,  possible  very 
beneficial  collective  effects  have  been  totally  ignored.  Also  intensive 
research  in  the  development  of  new  high-power  microwave  sources  may  make 
the  required  intensity  regime  accessible. 
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